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ABSTRACT
The majority of the discovered transiting circumbinary planets are located very near the
innermost stable orbits permitted, raising questions about the origins of planets in such
perturbed environments. Most favoured formation scenarios invoke formation at larger
distances and subsequent migration to their current locations. Disc-driven planet migration
in multiplanet systems is likely to trap planets in mean motion resonances and drive planets
inwards into regions of larger dynamical perturbations from the binary. We demonstrate how
planet–planet resonances can interact with the binary through secular forcing and mean-motion
resonances, driving chaos in the system. We show how this chaos will shape the architecture of
circumbinary systems, with specific applications to Kepler 47 and the Pluto–Charon system,
limiting maximum possible stable eccentricities and indicating what resonances are likely to
exist. We are also able to constrain the minimum migration rates of resonant circumbinary
planets.
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1 IN T RO D U C T I O N
The discovery of circumbinary planets has motivated new theories of planet formation and evolution in the presence of large dynamical
perturbations. The majority of the well-characterized circumbinary planets discovered via the Kepler mission have orbits close to their
host stars (Martin & Triaud 2014). Near the minimum distance a circumbinary planet can remain on a stable orbit over long time-scales
(Holman & Wiegert 1999). The stability limit is due to overlapping mean motion resonances with the binary and is an efficient method of
ejecting circumbinary planets (Mudryk & Wu 2006; Smullen, Kratter & Shannon 2016; Sutherland & Fabrycky 2016). Fig. 1 shows the ratio
of the planets’ semimajor axis to the minimum stable semimajor axis versus the planets period ratio with the binary. Although this pile up
of planets might still be explained by observational selection effects (Li, Holman & Tao 2016) alone, the distribution could also arise from
unique modes of formation and/or evolution around binaries. In this paper, we investigate how mean motion resonances between circumbinary
planets can interact with the binary via resonant and secular effects creating additional instabilities in multiplanet resonant systems.
At the current orbit of Kepler circumbinary planets, dynamical excitation of planetesimals is likely to inhibit planet formation (Scholl,
Marzari & The´bault 2007; Meschiari 2012; Marzari et al. 2013; Rafikov 2013) suggesting that circumbinary planets formed at larger distances
and migrated to their current location. More recently, Bromley & Kenyon (2015) found that circumbinary gas and planetesimals can settle
onto streamlines of most circular orbits, facilitating planet formation and a possible solution to the difficulty of formation. Although this
effect may assist formation, distant formation and migration remains more likely than in situ formation due to an unrealistically high disc
surface density required for in situ formation, even allowing for concentration in streamlines.
Migration is a natural outcome of the interaction between young circumbinary planets and a circumbinary disc (Kley & Nelson 2012).
Disc-driven migration around binaries is similar to that of migration around a single star, but with a hard inner edge set by the inner cavity at
around 2 to 3 times the binary separation (Artymowicz & Lubow 1994). Pierens & Nelson (2008) and Pierens & Nelson (2007) studied the
formation and migration of circumbinary planets, finding that migrating planets are likely to experience eccentricity growth during migration
due to interaction with resonances with the binary. They found that stability during migration is dependent on the final mass of the planet,
with Saturn-mass planets being more stable than Jupiter-mass planets (Kley & Haghighipour 2014). Pierens & Nelson (2013), Kley &
Haghighipour (2014, 2015) replicate the approximate orbital parameters of Kepler circumbinary planets, but find that the final locations are
very sensitive to disc structure.
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Figure 1. Ratio of semimajor axis to critical stable semimajor axis versus location of Kepler circumbinary planets in terms of mean motion resonances with
the binary. The size of each point corresponds to the size of the planet.
The migration of multiple planets adds additional complication to the evolution of circumbinary systems. If any single planet migrated to
its current location, it would have encountered the N:1 resonances with the binary, a possible source of eccentricity excitation and instability.
In multiplanet systems, planet–planet resonances are also likely to exist since disc migration is thought to be a natural origin for resonant
exoplanet systems (Lee & Peale 2002; Mills et al. 2016; Luger et al. 2017). The multitude of binary–planet and planet–planet resonances sets
up a varity of opportunities to create resonance overlap, which can be a driving source of chaos (Chirikov 1979; Wisdom 1980; Murray &
Holman 1999; Mudryk & Wu 2006). Thus, when resonances are spaced such that a body can feel the influence of two resonances at once,
orbital instability can result. 2D hydrodynamical models of two migrating circumbinary planets find that scattering events are not only
common but consistent with the orbits of the Kepler circumbinary planets (Kley & Haghighipour 2015). In this work we identify the likely
origin of such scattering events.
This work is also motivated by the near resonant chain of circumbinary bodies within our own solar system; Pluto, Charon, and their
four circumbinary moons reside near a 1:3:4:5:6 resonant chain. Although the best estimates of the bodies’ masses and orbits suggest that
none of the resonances are currently active (Showalter & Hamilton 2015), some of the formation scenarios invoke resonant migration of the
moons. Current theories (Canup 2005) suggest that Charon formed due to an impact with Pluto and that the outer moons formed from the
material leftover from the collision. Although the moons most likely formed from the collision, simulations of the Pluto–Charon forming
impact (Canup 2011) suggest that the collision is not likely to create enough material at significant distance from the binary for the moons to
form in their current locations. This conflicts with the fact that their current orbital properties, such as low eccentricity and low inclination,
suggest in situ formation is most probable (Brozovic´ et al. 2015). Cheng, Peale & Lee (2014) explored another formation scenario that
involved capturing inner disc material that moves out via resonant transport. This material becomes caught in a resonance with Charon and
then Charon’s orbit expands due to tidal interactions with Pluto, moving the moons into their current positions. They found that while this
was possible for 1:5, 1:6, and 1:7 resonances with Charon, it was not possible for 1:3 and 1:4 resonances at the location of Styx and Nix,
concluding that placement by resonant transport is extremely unlikely. Additionally, the low eccentricity and inclination of Pluto’s moons
is easily disrupted by Charon’s migration. The moons current positions also rule out certain eccentric tidal evolution scenarios for Charon
(Smullen & Kratter 2017) based on the boundary of the inner most stable orbits. The possible interaction of the moons with the orbital
resonances we explore here can place even more stringent constraints on their migration histories.
Prospects for finding more circumbinary planets increased earlier this year when the TESS mission launched and began discovering new
planets (Huang et al. 2018). TESS should discover a number of circumbinary systems although it is less sensitive to circumbinary planets
than single star planets due to the difficulty of obtaining multiple transits with a short observing timespan for most of the sky. Because of
this, the transit probability of circumbinary planets compared to planets around single stars for TESS is smaller than the transit probability
for the Kepler , K2, and PLATO missions (Li et al. 2016). New methods of transit data analysis (Welsh et al. 2016) may also improve yields;
at present circumbinary planets have been found by eye, rather than through automated methods due to the inability of typical detection
pipelines to account for the binary host stars.
In this paper we investigate the wide range of instabilities that arise in multiplanet circumbinary systems. We begin by calculating
analytically the conditions for mean-motion resonance overlap based on the resonance widths of planet–planet and planet-binary resonances
in Section 2.1. In Section 3 we develop numerical methods for migrating circumbinary planets in resonance, accounting for the forced
eccentricity driven by the binary. In Section 4 we explain three possible origins of instabilities due to interactions between the binary and a
pair of resonant planets and demonstrate these instabilities numerically. We explore the influence of migration on the instabilities in Section 5,
and discuss how these instabilities are likely to shape the architecture of circumbinary systems and how observed systems can place limits on
migration rates in Section 6.
MNRAS 487, 3288–3304 (2019)
D
ow
nloaded from
 https://academ
ic.oup.com
/m
nras/article-abstract/487/3/3288/5511275 by U
niversity of Arizona H
ealth Sciences Library user on 05 Septem
ber 2019
3290 A. P. Sutherland and K. M. Kratter
2 A NA LY T I C M E T H O D S
Previously developed analytic theory for calculating the location and range of influence of mean motion resonances has assumed mass
hierarchies similar to the resonances found in the solar system. The circumbinary systems we are interested in violate these assumptions in
two ways. First, previously developed theory assumes the majority of the mass of the system is dominated by one central body rather than
two. Orbits about binaries can have substantially non-Keplerian orbits, with substantial forced eccentricities and precession rates. Secondly,
many explorations of resonant bodies assume that one of the bodies in the resonance is significantly more massive than the other, so that
the perturbations on the more massive body due to the less massive one can be ignored. These restrictions apply to Jovian resonances in the
asteroid belt and the 3:2 resonance between Pluto and Neptune. In our study, we are interested in mean motion resonances between planets
of comparable mass, meaning that additional resonant angles may exhibit libration.
2.1 Deviation from Keplerian motion
To accurately identify resonances about a binary, we must account for the deviation of the planets orbits from the standard Keplerian solutions.
The locations of both planet–planet and binary–planet resonances shift because of the additional quadropole term in the potential.
We use the analytic theory for orbits around a circular binary developed by Lee & Peale (2006) in order to explore the orbits of satellites
in the Pluto–Charon system. They show that circumbinary orbits can be represented by the superposition of the circular motion of a guiding
centre, the forced oscillations due to the non-axisymmetric components of the potential rotating at the mean motion of the binary, the epicyclic
motion, and the vertical motion. They derive modified mean motion as well as the pericentre and nodal precession rates. The modified mean
motion n0 is given by
n20 =
[
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dR
]
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where R is the distance to the circumbinary body from the barycentre, αj = aj/R, aj is the semimajor axis of the jth body, nK = [Gm12/R30]1/2
is the Keplerian mean motion at R0. The Laplace coefficient is defined by
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and finally the expansion in powers of abin/R of the antisymmetric component of the modified potential equivalent to two rings of mass m1
and m2 at a1 and a2, respectively, is given by
00 = −
[
1 + 1
4(1 + m2/mp1)2
(
m2
m1
)(a12
R
)2
+ 9(1 − mc/mp + m
2
c/m
2
p)
64(1 + mc/mp)4
(
mc
mp
)(abin
R
)4
+ · · ·
]
Gm12
R
. (4)
Using the expansion in equation (4), equation (1) is
n20 =
[
1
R
d00
dR
]
R0
= Gm1m2
64m12R7
[
45a412
(
m21 − m1m2 + m22
)+ 48a212m212R2 + 64 m412m1m2 R4 + ...
]
. (5)
Similarly, the modified epicyclic frequency, κ0, is
κ20 =
[
R
dn2
dR
+ 4n2
]
R0
= Gm1m2
64m12R7
[
−135a412
(
m21 − m1m2 + m22
)− 48a212m212R2 + 64 m412m1m2 R4 + ...
]
(6)
so that the pericentre precession rate is
˙ = n0 − κ0. (7)
We use equations (5) and (7) to calculate the locations of the resonances about a binary including both the shift in mean motion at a given
semimajor axis as well as the precession driven by the binary. In reality, the resonance location can also be shifted by the circumstellar disc
(Marzari 2018) which we do not consider here. We also use the modified mean motion to calculate the state vectors when initializing orbits
in our numerical simulations. This offers an improvement for initializing circumbinary bodies in nearly circular orbits.
2.2 Resonance widths
In order to determine when overlap may occur, we calculate the resonance widths for planet–planet and binary–planet resonances. These
widths indicate the maximum deviation from commensurability for two resonant bodies of a particular eccentricity and mass ratio. Not
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only do we account for shifts in the locations of the resonances due to the presence of the binary, but also we calculate accurate resonance
widths in systems with mass hierarchies different than that of resonances in the solar system. Mardling (2013) presents two expansions of
the three-body disturbing function valid for arbitrary mass ratios. The spherical harmonic expansion is valid for well-separated systems and
for arbitrary eccentricity, while the literal expansion is appropriate for closely spaced systems with non-crossing orbits. We use the literal
expansion for calculating the resonant widths of the planet–planet resonances since the relevant resonances are typically low order, q, but
high degree, p, where the ratio of orbital frequencies, σ , is
σ ≡ νi
νo
= p + q
p
. (8)
The literal expansion allows us to calculate the widths of all the angles associated with a resonance for two massive and eccentric planets.
Because we are not limited to a circular massive perturber and a massless perturbed body, we adopt the notation of Mardling (2013) where
the subscripts i and o refer to the inner and outer body. There is no assumption that one body is more massive than another.
The harmonic angle has the form
φmnn′ = nλi − n′λo + (m − n)i − (m − n′)o, (9)
where λ is the mean longitude,  is the longitude of the pericentre, n′ and n are the integers corresponding to the mean motion of the outer
and inner bodies, and m denotes the different angles for a particular resonance. Unless the period ratio ν i/νo is close to the integer period
ratio n′ /n, the angle will circulate. If the period ratio is close to n′ /n and the orbits are able to exchange energy and angular momentum, the
angle can librate around a value, typically 0 or π . In this case, the conjunctions between the two bodies occurs at nearly the same place. The
resonance width identifies the range of period ratios that are distinct from exact commensurability at which this angle can librate. Libration
occurs when
˙φmnn′  nνi − n′νo  0. (10)
The order of the resonance is q = n′ − n and the degree is p = n′ .
2.2.1 N:1 resonances
Due to the large mass ratio of the binary, resonances at a significant distance from the binary can have non-negligible widths. These high order,
low degree, N:1 resonances are of higher order than those typically explored in the solar system. We use the spherical harmonic expansion
from Mardling (2013) to calculate the widths of the N:1 resonances with the binary. The width of the N:1 resonances is given by equation (23)
of Mardling (2013),
σN = 6H
1/2
22
(2π )1/4
[(
m3
m123
)
+ N2/3
(
m12
m123
)2/3 (
m1m2
m212
)]1/2 (
e
1/2
i
eo
)(
1 − 13
24
e2i
)1/2 (
1 − e2o
)3/8
N3/4 e−Nξ (eo)/2, (11)
where H22 is an empirical scaling factor equal to 0.71 and ξ (eo) = Cosh−1(1/eo) −
√
1 − e2o . Equation (11) predicts σN = 0 when ei =
0 suggesting that N:1 resonances are negligible around circular binaries which is not the case. In reality, any non-massless circumbinary
body will induce a small eccentricity on the binary via secular interactions making the resonant widths non-zero. Mean motion resonances
for massless test particles around circular binaries have non-zero widths according to our numerical simulations. The widths of these N:1
resonances can also be calculated from surface-of-section plots (Duncan, Quinn & Tremaine 1989; Malhotra 1998). We confirm that the
widths of the N:1 resonances from surface-of-section plots is similar to that predicted from equation (11) with ei  10−4. The incorrect
prediction of negligible widths from equation (11) is very likely due to the omission of fast varying terms from the spherical harmonic
expansion. The libration frequency of the resonant angle φN is related to the resonant width by
ωN = νoσN/2. (12)
2.2.2 Planet–planet resonances
In order to calculate the widths and libration time-scales of the resonances between planets of comparable mass, we use the literal expansion
in Mardling (2013). For a specific resonance, equation (9) shows that there are multiple angles associated with the resonance, denoted by
m, referred to as subresonances. The number of angles is equal to one larger than the degree of the resonance since n ≤ m ≤ n′ . For the
N:1 resonances with the binary, there is typically only one relevant angle because of the large mass differences, but for the planet–planet
resonances where the masses are comparable, any one of the subresonances can have significant width. For example two planets in the 5:3
resonance, a 3rd degree 2nd order resonance, can have libration in any of the three angles, φ335 = 3λi − 5λo + 2 o, φ435 = 3λi − 5λo +  i +
 o, φ535 = 3λi − 5λo + 2 i. The relevant angle depends on the mass ratio and eccentricity of the planets. Typically, the angle that includes
the term of the less massive body’s pericentre will have the most significant width. In the examples in future sections, we will calculate the
widths of the φmnm angle, n
′ = m, since in our calculations we specify that the inner planet is less massive, while the eccentricities of the
planets are similar.
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Equation (104) of Mardling (2013) gives the resonant width from the literal expansion, so that the width of the [n′ : n](m) resonance is
σmnn′ = 2
√
3
(
n′
n
) ∣∣∣∣∣∣
[
α
(
m3
m12
)
+
(
m1m2
m212
)] jmax∑
j=0
Ajm F (j )mnn′
∣∣∣∣∣∣
1/2
, (13)
where σ = n′ /n and α should be replaced by its value at exact commensurability. Ajm and F (j )mnn′ are the resonance width’s dependence on
mass ratio and semimajor axis, respectively.
Ajm(α;β2) = ζm
[
β−11 B(j,m)1/2 (α1) − β−12 B(j,m)1/2 (α2)
]
, (14)
where −β2 = m2/m12 = 1 − β1, α = a1/a2, and αs = βsα, s = 1, 2. While the dependence on eccentricity is given by
F
(j )
mnn′ (ei, eo) =
j∑
k=0
(−1)j−k
(
j
k
)
Xk,mn (ei)X−(k+1),mn′ (eo), (15)
where Xl,mn and X
−(l+1),m
n′ are the Hansen coefficients defined by
Xl,mn (ei) =
1
2π
∫ 2π
0
(r/ai)l eimfi e−inMi dMi = O
(
e
|m−n|
i
)
(16)
and
X
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1
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∫ 2π
0
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When calculating F (j )mnn′ (ei, eo) in equation (15), it is required that jmax > |m − n| + |m − n
′ |. This width does not take into consideration the
apsidal advance that can contribute to the width of the resonances at very low eccentricities.
2.3 Secular effects
In addition to resonant effects, the binary also induces secular oscillations in planets at a wide range of distances. The spherical harmonic
expansion of the secular disturbing function is used to calculate the rates of change of the planets’ eccentricities and longitudes of the
pericentre. Mardling (2013) eliminates the terms that vary quickly from the disturbing function in the spherical harmonic expansion to find
how the eccentricities and longitudes of the periastra change in equations (48)–(51). For the purpose of our study, we assume the eccentricity
and pericentre of the binary itself is unchanged by the circumbinary body due to the large mass difference. This simplifies the number of
equations we have to integrate to calculate the precession and eccentricity variations to just two equations,
deo
dt
= νo 1516
(
m1m2
m212
)(
m1 − m2
m12
)(
ai
ao
)3 ei (1 + 34e2i )(
1 − e2o
)2 sin(i − o), (18)
do
dt
= νo
(
m1m2
m212
)[
3
4
(
ai
ao
)2 (1 + 32e2i )(
1 − e2o
)2 − 1516
(
m1 − m2
m12
)(
ai
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)3
(1 + 3
4
e2i )
ei
eo
(
1 + 4e2o
)
(
1 − e2o
)3 cos(i − o)
]
. (19)
For circular binaries, equation (19) is identical to equation (7). We use equation (19) to determine the scaling of the pericentre precession
from the circular case in Lee & Peale (2006). We analytically approximate the pericentre precession as a function of binary eccentricity to
find d/dt as a function of n0, κ0, and ei,
d
dt
≈ (n0 − κ0)
(
1 + 3
2
e2i
)
. (20)
We use equation (20) instead of integrating equations (18) and (19) for efficiency. We also calculate the amplitude of the eccentricity excitation
due to secular effects by fitting the results of integrating equations (18) and (19) and comparing the integration of the equations to N-body
simulations. We find
eo ≈ ei ai
ao
m1 − m2
0.4115m12
(21)
accurate to 1 per cent for systems where ei < 0.8 and the sum of the eccentricity excitation and the outer body’s initial eccentricity is less than
0.9, eo0 + eo < 0.9.
3 N U M E R I C A L M E T H O D S
In order to test instabilities in multiplanet circumbinary systems, we use an N-body code to track the evolution of the orbit of the planets as
they migrate into resonance and closer to the binary where the instabilities occur. We initialize the planets’ starting velocities according to
equation (5) to more accurately reflect the orbits and eccentricities. We use the N-body code REBOUND (Rein & Liu 2012) to numerically
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integrate our multiplanet circumbinary systems. We use the IAS15 adaptive, high-order integrator (Rein & Spiegel 2015) due to its high
accuracy for conservative and non-conservative forces. In order to better describe the non-Keplerian orbits over the course of the system
evolution we develop empirical ‘modified’ orbital elements (see appendix A). These modified or ‘geometric’ orbital elements are crucial to
accurately identifying active resonance, because they better capture the evolution of the argument of pericentre for planets whose orbits are
strongly perturbed by the presence of the binary. Computing these orbital elements requires high frequency outputs at the rate of about 100
per orbit, which can slow down the runs and create massive file sizes for long runs. To mitigate this expense, we periodically output orbital
data at high frequency at regular intervals.
When two bodies migrate in resonance, their eccentricities will grow in proportion to the rate of migration (Malhotra 1995). In order
to maintain a mean motion resonance while two bodies are migrating at different rates, the bodies need to exchange angular momentum. A
byproduct of this exchange is the rapid growth of eccentricity of the bodies describe by equation (5) of Malhotra (1995),
e2final = e2initial +
1
j + 1 ln
afinal
ainitial
, (22)
where j is the degree of the resonance. The above equation is only valid in cases where one body is much more massive than the other and
the eccentricity growth occurs only in the smaller body, such as Pluto migrating in the 3:2 resonance with a much more massive Neptune.
For bodies with comparable mass, the eccentricity of both bodies increases. Migrating resonant planets can easily become unstable due to
unchecked eccentricity growth, so some form of eccentricity damping must occur for resonant planets to migrate over extended distances.
Migration in a gaseous protoplanetary disc tends to damp eccentricity, increasing stability (Kley & Nelson 2012). While the magnitude of
eccentricity damping will depend on a host of disc parameters, we assume that eccentricity damping is proportional to the rate of migration
following Lee & Peale (2002) and Goldreich & Tremaine (1980),
e˙/e = −K|a˙/a|, (23)
where K is a positive constant. A consequence of the proportionality is that the eccentricity reaches an equilibrium value after an initial growth
phase, causing the planets to migrate at constant eccentricity for most of their evolution. The equilibrium eccentricity is dependent on the
migration rate, K, and the total mass of the planets.
Additional forces in N-body codes can be used to mimic planet migration and eccentricity damping rather than using full hydrodynamic
simulations. We modify the migration forces in the planetary migration example in REBOUND, a reproduction of Lee & Peale (2002), so that
the velocity is damped to the modified mean motion. Typical forced migration algorithms, which damp to a specified Keplerian eccentricity,
are insufficient for modelling circumbinary migration. These methods fail to account for the deviations from Keplerian orbital elements that
arise due to the binary. Our migration model works instead by damping to a maximum velocity, characteristic of a specified eccentricity about
a binary. The velocity at pericentre is given by
vp ≈ vc
√
1 + e
1 − e , (24)
where vc is the circular velocity given by the modified mean motion in equation (5). The modified code reduces the velocity of the circumbinary
body if the velocity is greater than
√(1 + e) times what the circular velocity would be if the current location was the semimajor axis. Because
we do not calculate the modified orbital elements during the integration, we do not know the current mean or true anomaly of the body. For a
Keplerian orbit, one can trivially invert position and velocity to get semimajor axis and eccentricity, but this is not true for circumbinary orbits.
Without phase information (see eqs 25 and 26 of Lee & Peale 2006), one cannot uniquely distinguish between a circumbinary orbit near
pericentre as compared to a circular orbit with a higher mean motion and smaller semimajor axis. We can, however, calculate the maximum
velocity as a function of position for given eccentricity by assuming the body is at pericentre. This velocity scaling is similar to the Keplerian
case:
vp ≈ n0(a) a
√
1 + e
1 − e , (25)
where n0 is the modified mean motion at a = r/(1 − e), using the modified motion. Thus to damp to a specific e, we measure v, calculate vp,
set a = r/(1 − e), and then only damp the velocity when v > vp. Using this formalism prevents over damping of the eccentricity, which occurs
when one neglects the change in mean motion due to the binary. Note that this only damps the eccentricity when the orbit is actually near
its pericentre, and thus the coefficient K in equation (23) slightly overestimates the damping time-scale, and slightly enhances the effective
migration rate.
The purpose of our damping via additional forces is to be able to control the eccentricity at which the planets encounter the N:1 resonances
or secular forcing with the binary. This allows us to calculate the resonant widths at the time of encounter and check for overlapping resonances.
We acknowledge that there are many possible sources of eccentricity pumping and damping that can affect a migrating circumbinary planet
within a protoplanetary disc. We use this damping technique to test our instability mechanisms, not to indicate the specific locations at which
these instabilities will always occur.
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Figure 2. Schematic view of planet–planet resonance overlap driven by secular eccentricity variations from the binary. Two pairs of resonant circumbinary
planets are shown in the 3:2 resonance. The widths of the 3:2 and 7:5 resonances are shown in red and green. The solid black line shows the maximum amplitude
of the secular eccentricity variations driven by the host binary. The dashed vertical line shows the semimajor axis at which the inner planet undergoes secular
eccentricity variations large enough to excite the planet into the region of overlap. For the planet pair interior to this critical semimajor axis, yellow inner
planet’s secular eccentricity variations are significant enough to enter the overlapping region and become ejected while the outer pair has smaller eccentricity
variations and the yellow planet remains exterior to the overlapping region and is thus stable.
4 O RIGIN O F M ULTIPLANET INSTA BILITI ES
Chaos and instability in planetary systems typically arises due to overlapping resonances (Wisdom 1980; Murray & Holman 1999; Mudryk &
Wu 2006). Chaotic behaviour occurs when a body is under the influence of multiple resonances simultaneously because the widths of the
resonances are similar to their separation. During resonant overlap, the bodies experience a random walk in eccentricity, leading to orbit
crossings, close interactions with other bodies, scattering, and sometimes ejection. The resonance widths calculated above can be used to
determine if a body is in overlapping resonance regions for a particular semimajor axis and eccentricity. Instability due to resonance overlap
occurs in this scenario when two resonances involving the same three bodies overlap, for example, both the 4:3 and 5:4 mean motion
resonances for two planets around the binary.
We identify three possible routes to instability caused by overlapping mean motion resonances in multiplanet circumbinary systems.
In all of the following examples, two planets in resonance with each other become unstable due to secular or resonant interactions with the
binary. Both resonances between planets and resonances between planets and the binary can overlap to cause chaos; the eccentricities at
locations at which resonance overlap occurs depends strongly on the architecture of the system. We explore the cause of the instability in
each route and describe in which systems the instabilities are likely to occur. We also demonstrate each instability numerically, illustrating
how resonant circumbinary planets behave while approaching these instabilities.
Although our calculation of overlapping resonant widths using the expansions from Mardling (2013) is a less rigorous approach than other
attempts to explain chaos via overlapping first-order mean motion resonances (Deck, Payne & Holman 2013), we demonstrate numerically, in
following sections, that the resonance widths are well described by this expansion and are accurate enough to demonstrate the method of these
instabilities even if they do not describe the exact criteria for resonant overlap. Additionally, previous work has only focused on overlapping
first-order resonances instead of the high-order resonances that dominate the systems of interest, leaving the method from Mardling (2013)
as the only simple way to calculate these resonant widths.
4.1 Planet–planet resonance overlap
Secular eccentricity variations forced by the binary can drive planets into regions of overlapping planet–planet resonances, PPRs hereafter.
Even at significant distances from the binary, the secular variations in eccentricity and argument of pericentre can be large, see equation (21).
The eccentricity induced by the binary, which increases with decreasing semimajor axis, can ultimately lead to overlap between a two
planet–planet resonances as shown in Fig. 2. For a circumbinary planet in the 3:2 resonance with a massive outer planet, there exists a critical
semimajor axis, interior to which the binary drives up the inner planet’s eccentricity until it enters the region that overlaps with the 7:5
resonance. This stability limit depends on the width of the resonances, which are dependent on the mass, eccentricity, order, and degrees of
resonance and also the magnitude of the secular effects, which depend on binary mass ratio and eccentricity. Planets will become unstable if
they occupy the parameter space in period ratio and eccentricity at which two PPRs overlap.
We calculate the individual resonance widths using equation (13), where m1 is the combined mass of the binary stars and the semimajor
axis is the distance to the binary barycentre. Although the binary is treated as a single mass in the width calculation, the central position of the
resonances are shifted according to the modified mean motion and precession driven by the binary in equations (5) and (19). The difference in
mean motion shifts the spacing between the centre of the resonances slightly from the Keplerian values because the mean motion decreases
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Figure 3. The top panels show the evolution of the semimajor axis of a pair of migrating planets, inner planet of one Neptune mass and outer planet of two
Jupiter masses. The location of the 10:1 and 8:1 resonances with the binary are also shown. The bottom panels show the period ratio between the two planets.
Two similar runs of planets starting near a 5:3 mean motion resonance. The left-hand panel shows the evolution around an equal mass binary and the right-hand
panel shows the evolution around an unequal mass binary, both binaries have equal eccentricity. The planet pair around the eccentric binary scatters repetitively
when encountering the 5:3 and 3:2 PPRs until encountering the widely separated 2:1 resonance. Once the planets are in a well separated resonance, they are
able to migrate to the binary where they encounter the N:1 resonances with the binary where they are ejected as described in the following section.
slightly faster than a3/2 as in the purely Keplerian case. Equation (13) predicts that resonance widths increase with increasing eccentricity
and the separation in terms of semimajor axis decreases with increasing resonance degree, p. For example, the 2:1 resonance overlaps with
the 3:2 resonance at a larger eccentricity than the 4:3 and 3:2 resonances overlap. Higher order, q, resonances have smaller widths, scaling
as eq. In general for the planet–planet resonances we investigate, only the first and second order will have significant widths at the relevant
eccentricities, meaning that overlap between first or second-order resonances will be the cause of instability.
4.1.1 Numerical demonstration
In order to validate the predicted instability, we slowly migrate a pair of planets into resonance using the numerical method described in
Section 3. The stars have masses 1 and 0.4 M	, a semimajor axis of 0.1 AU and an eccentricity of 0.2. These values are characteristic of
the Kepler circumbinary systems. We initialize two planets with masses 1 and 0.3MJ, semimajor axes of 3.0 and 4.5 AU on initially near
circular orbits, coplanar with each other and the orbit of the binary. The planets are initially slightly outside the 5:3 resonance. We migrate the
outer, more massive planet inwards until it enters the 5:3 resonance. The inner planet’s eccentricity grows up to the damped value, and then
the planets migrate together in resonance at near constant eccentricity. During this time their orbital parameters undergo secular oscillations
driven by the binary that increase in amplitude as the planets’ semimajor axes decrease. At some distance the secular perturbations reach a
large enough amplitude to force the inner planet’s eccentricity to a value above the point the 7:5 PPR overlaps with the 9:5 PPR. The planets
scatter out of the resonance but migration moves the planets back into the resonance where they scatter again. This process continues until
the planets scatter into a resonance of low degree (in this case the 2:1) that is more well separated.
Fig. 3 shows the period ratio over time for the planets as they migrate. The right-hand column reflects the evolution described above,
while the left-hand column features the evolution where the initial orbital parameters and migration routine are the same except for a change
in the mass ratio of the binary. The left shows a binary with an equal mass ratio. According to equation (21), the amplitude of the eccentricity
variations is zero for an equal mass binary. In this case the planets migrate smoothly in the 9:5 resonance, until a secondary instability (see
below) takes over at the 8:1 resonance with the binary. The location at which the PPRs overlap is dependent on the mass and eccentricity of the
planets. Lower combined mass of the planets will result in stability at closer proximity to the binary for similar resonances. The implications
of this instability and migration are explored in Section 5.
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2:1
2:1
Figure 4. The widths of the overlapping N:1 resonances are shown in maroon as a function of planet eccentricity and semimajor axis. The innermost planet
of each pair is shown in green while the outer is shown in yellow. The growth in eccentricity due to the interaction with the 6:1 resonance is represented with a
blue arrow. The inner planet is scattered once it reaches the point of N:1 resonance overlap while the other planet pair is stable since the inner planet does not
overlap with any N:1 resonance and therefore no eccentricity growth occurs.
4.2 N:1 binary resonance overlap
The second instability we explore occurs when migrating resonant planet pairs make one of the planets susceptible to eccentricity pumping
by an N:1 resonance with the binary. The N:1 resonance can then increase the planet’s eccentricity until two N:1 resonances begin to overlap,
leading to ejection. For low eccentricity and near equal mass binaries, these resonant perturbations are more powerful than the secular ones.
Equation (11) shows that the widths of the N:1 resonances quickly increase with deceasing N. Important N:1 resonances for typical binaries
range from the 5:1 to the 15:1, mostly dependent on eccentricity of the binary and planets and only very weakly dependent on the mass of the
planets. The width of N:1 resonances can be seen in Fig. 4 with the darker shaded regions showing the overlap of these resonances.
While a single planet of the same eccentricity can survive in an N:1 resonance for a significant time (Sutherland & Fabrycky 2016), the
combined resonant forcing due to a PPR and the N:1 leads to eccentricity growth, causing the planet to enter the region of N:1 resonance
overlap. This results in a rapid ejection. Fig. 4 shows two pairs of planets, both in a 2:1 PPR. The pair with the inner planet in the width of
the 6:1 resonance with the binary will have its eccentricity excited from being in both the 6:1 with the binary and the 2:1 PPR until it reaches
the point of resonance overlap with the 5:1 binary resonance, which then leads to ejection. The pair with the inner planet slightly interior to
the 6:1 will not become disrupted.
Unlike the instability described in Section 4.1, there is not a critical semimajor axis beyond which this instability occurs. The instability
is prevalent for a wider range of binary and planetary parameters as the inner planet’s semimajor axis decreases because the widths of the
resonances increase, making it easier to overlap at lower eccentricity. This instability is also more likely to occur in binary systems with
weaker secular eccentricity oscillations and well separated PPRs, since PPRs overlap due to secular effects, Section 4.1, can occur at any
point, not only in the N:1 resonances.
While other resonances exist between the N:1 resonances, such as the 2N±1:2, these higher order, higher degree resonances are not as
strong. Typically the width of the resonance goes as eq, so the 11:2 which is located between the 5:1 and 6:1 is a ninth order resonance and
therefore much weaker than the fourth and fifth order 5:1 and 6:1 resonances.
4.2.1 Numerical demonstration
We migrate a pair of planets in resonance from a large distance from the binary through the N:1 resonances. The initial set up is similar to
4.1.1 with the following changes; the binary is near equal mass so that secular eccentricity variations are minimized and planets are initially
just outside of a 2:1 resonance so PPRs are more well separated. The innermost planet’s eccentricity is damped to and librates around e =
0.2 until encountering the 7:1 resonance. The 7:1 resonance grows the eccentricity of the planet but is not able to grow into the overlapping
resonances, thus the planet is able to pass through the resonance without becoming unstable as the eccentricity does not reach the point
at which the 7:1 and 6:1 resonances overlap. The planet’s eccentricity returns to 0.2 after exiting the resonance. It then encounters the 6:1
resonance and the eccentricity grows until it reaches the point of overlap with the 5:1 and is ejected. The results of a similar numerical
example are shown in Fig. 5.
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4.3 Planet–planet resonance overlap due to eccentricity pumping from resonances with binary
PPR overlap described in Section 4.1 happens at large distances from the binary but with closely separated planet–planet resonances while
instabilities due to N:1 resonances overlap, as described in Section 4.2, happen close to the binary in more well separated planet–planet
resonances with weak secular effects. An additional mode of instability may occur when the excitation due to the interaction with N:1
resonances increases the planetary eccentricity sufficiently to cause the planet–planet resonances overlap. We expect this mechanism to be
relevant when the innermost planet is close to the binary, but the secular effects are weak due to low binary eccentricity or equal mass
ratios. As shown in Fig. 6, the inner planet in a 3:2 resonance with an outer planet would become unstable if it is within the width of an
N:1 resonance, since the resonant perturbations of the binary will excite the inner planet into the overlapping region of the 3:2 and 7:5
planet–planet resonances.
Unlike the instability described in 4.2, the inner planet does not enter the region of overlapping N:1 resonances, but reaches the critical
eccentricity for overlap of the planet–planet resonance. This instability, like the one described in 4.2, does not have a critical semimajor axis
where the instability happens, but instead is limited to the widths of the N:1 resonances. Since the widths of the N:1 resonances increases
with decreasing N, the resonances are more relevant for smaller N. The maroon and light grey planet pair in Fig. 6 is safe between the 7:1
and 8:1 resonances while the dark blue and yellow planet pair is unstable because of the dark blue planet’s location within the width of the
8:1 resonance.
Whether the instability in 4.2 or the one described here should dominate depends on whether the N:1 resonances or PPRs overlap at
a lower eccentricity. The relevant eccentricity for excitation depends on the mass ratio and eccentricity of the binary as well as the order,
degree, and mass ratio of the planets. For a particular system, which N:1 the planet interacts with will determine which route of instability
dominates. For slowly migrating systems with higher degree resonances, this route should be more likely than the instability in 4.2, since the
N:1 overlap happens at large eccentricity. Because PPR overlap is likely to scatter poorly separated resonances before encountering strong
binary resonances, this instability should be relatively rare. Determining exactly which PPRs are responsible for ejection is complicated by
the large number of PPRs, of higher degree and order, that have significant widths when the N:1 resonances excite the eccentricity rapidly.
We carried out a large number of n-body integrations to attempt to validate this mode numerically, and while systems went unstable in a
manner inconsistent with the instabilities in 4.1 and 4.2, we could not identify a unique source of the instability.
5 RO L E O F MI G R AT I O N
5.1 Disc migration
In the previous section, we consider planets migrating slowly at a fixed rate from a large distance away from the binary to locations where
the instabilities can occur. Now we consider the physical origins of that migration and determine the typical rates of migration. After a planet
forms in a circumstellar disc, there can be time for the disc and planet to interact before the disc dissipates. The consequence of disc–planet
interactions is the migration of planets. The differential migration speeds, which are dependent on the mass of the planet and semimajor axis,
are one source of PPRs. Circumbinary planets are not thought to have formed in situ but rather formed at larger semimajor axes and migrated
to their current locations (Scholl et al. 2007; Meschiari 2012; Rafikov 2013; Silsbee & Rafikov 2015). Planetary migration not only forms
PPRs but also transports planets into the region where secular eccentricity oscillations and N:1 resonances become destructive.
The impact of disc migration on the architecture of the final planetary system is dependent on the planets migration rates, particularly
for interactions driven by encounters with N:1 resonances. A planet will be able to safely migrate through a given N:1 resonance if the
resonant crossing time, the width of the resonance divided by the migration rate, is less than the libration period (Lithwick & Wu 2008). In
this case, the change in orbital elements due to the migration is greater than the change induced by the resonance, and thus the planet does
not undergo as much eccentricity growth. If the crossing time is similar to the libration time, the planet may become temporarily trapped in
the N:1 resonance before passing through. During this time the eccentricity can grow, as in Fig. 5, but the interaction time will still typically
not be enough for the N:1 to excite the eccentricity of the planet into the overlapping region.
The rate of migration in real systems of course depends on the characteristics of the disc and planet, such as viscosity and mass, that are
subject to change as the disc evolves and the planet accretes. To demonstrate the importance of the ratio of the resonance crossing time to
libration time, we adopt a constant migration rate, a˙
a
. Although a circumbinary disc will have a different structure and migration rate than a
disc around a single star, such as a central cavity near the binary (Artymowicz & Lubow 1994), we can still use single star migration rates as
a reasonable benchmark for real systems. Goldreich & Tremaine (1980) present the Type I migration rate for a planet around a single star as
a˙
a
= −1.67
(
M
M0
)(
a2
M0
)( a

)3
, (26)
where M is the mass of the planet, M0 is the stellar mass,  is the gas surface density, a is the semimajor axis,  is the orbital frequency, and
 = 2a/3mmax where mmax is the azimuthal wavenumber. The general scaling for Type II migration where the planet has opened a gap in the
disc is the viscous time-scale
a˙
a
 3ν
2a2
= 3
2
α
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H
a
)2
 = 5.3 × 10−5
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α
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yr−1 (27)
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Figure 5. Left-hand panel: The evolution of a planet migrating inwards in eccentricity-semimajor axis space while in resonance with an outer planet, coloured
by time. The planet migrates while damped to e = 0.16 until it encounters the 8:1 resonance with the binary where it is ejected. Right-hand panel: The
semimajor axis and eccentricity of a migrating planet as it encounters the N:1 resonances. The N:1 resonances excite eccentricity growth of the planet, shown
in red. The planet is able to migrate through a number of N:1 resonances before the eccentricity grows to the point of N:1 overlap. After encounters with the
11:1-9:1, the eccentricity is damped back to 0.16. When it encounters the 8:1 resonance overlap occurs and the planet is ejected. This instability is largely
independent of planet mass.
3:2 7:53:2
3:2
Figure 6. Right-hand panel: N:1 resonance widths, similar to Fig. 4. Left-hand panel: PPR for two circumbinary planet pairs, similar to Fig. 2. Both figures
show two planet pairs in a 3:2 PPR. The dark blue and yellow planet pair is unstable since the inner planet overlaps with the 8:1 resonance. This pumps the
eccentricity of the planet to the point of 3:2 overlap with the 7:5 PPR. The red and grey planet pair is stable because it does not reach the point of PPR overlap
since it is outside the N:1 resonance.
from Ward (1997) where ν is the viscosity, α is the dimensionless viscosity parameter, H is the scale height, a is the semimajor axis,  is
the orbital frequency, and M0 is the total stellar mass. While real systems will have rates that deviate from these values (see e.g. Duffell
et al. 2014), our goal here is to simply demonstrate the relevant order of magnitude rates expected in circumbinary systems. For more recent
formulas more accurately describing the total torque of the disc on the planet, see Paardekooper, Baruteau & Kley (2011).
Using the migration rate from equations (26) and (27) along with the resonance width from equation (11) we can find the resonance
crossing time and then compare this time-scale with the libration period, 2π /ωN, from equation (12) to determine at which N:1 the instability
described in Section 4.2 should occur. Fig. 7 shows the migration rate needed to safely pass through each N:1 resonance. The multicolour
diagonal lines show the critical migration rate for different planet eccentricities. Migration rates from equation (27) for typical discs for a
number of α values are shown intersecting the lines of different planet eccentricity. The intersection between the two lines show at what N:1
the planet becomes unstable.
Fig. 7 shows that the critical migration rates are close to the predicted rates for Type I and II migration for a range of disc parameters.
This indicates that migrating resonant circumbinary planets are likely to encounter this instability. Since typical migration rates are near the
critical rates, this instability could be a barrier to planets migrating to their current location as well as diagnostic tools for measuring migration
rates or eccentricity damping of discs for resonant planets observed interior to these N:1 resonances, discussed more in Section 6.
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Figure 7. Critical migration rate at N:1 resonances for a range of planet eccentricities for migrating circumbinary planet pairs around binary stars similar to
Kepler 34 with masses of 1.05 and 1.02 M	 with 0.23 AU separation and ebin = 0.52. The range of planet eccentricities are shown as different colours. The area
above the diagonal lines is the stable region while the area below the lines is unstable due to slower migration rates. Migration rates for type I (Goldreich &
Tremaine 1980) and type II (Ward 1997) for a number of viscosities are shown for comparison. The location of Kepler 34b at 1.09 AU between the 10:1 and
11:1 resonances is shown as a vertical line. Two crosses show the required migration rates for Kepler 34b with an eccentricity of 0.18 to pass through the 10:1
and 11:1 resonances while in a resonance with an outer planet.
Figure 8. The critical N:1 resonance for a fixed migration rate for a range of planet eccentricities. Predicted unstable N:1 (blue) compared to numerical
integration (orange) for a number of eccentricities. Theoretical points outnumber numerical results as we have yet to run a full set of simulations at all ranges
of eccentricity.
5.1.1 Numerical results
To demonstrate this evolution numerically, we initialize two planets at near zero eccentricity just outside of a 2:1 resonance, both far away
from the binary with the inner planet’s initial semimajor axis greater than 30 binary separations. The planets migrate into resonance and then
continue migrating towards the binary. If the binary has significant eccentricity and an unequal mass ratio, the first instability encountered is
the one described in Section 4.1, resulting in the planets scattering out of the PPR. Scattering, rather than ejection is the typical outcome of
PPR overlap. The inner, less massive planet can scatter inwards and be damped by the disc, only to be captured into resonance again by the
outer planet as the outer planet continues to migrate after the scattering event. The planet can be scattered again if the new resonance is not
well separated from nearby PPRs. This continues until the planet is either ejected or is scattered into a well separated resonance, such as the
2:1 PPR.
In order to test the instability predictions of the previous section, in practice we hold migration rates fixed and instead vary the planet
eccentricity damping. Since the widths of the resonances are very sensitive to the eccentricity of the planets, changing the value that the
eccentricity is damped to results in a larger range of critical N:1 resonances. We then compare the point at which the inner planet becomes
unstable with the prediction from Fig. 7. The results are shown in Fig. 8.
The blue points show the predicted unstable N:1 by comparing the resonance crossing time to the migration rate. Each orange point
shows the location of the inner planet before becoming unstable due to interacting with an N:1 resonance. The results from the numerical
integrations are near the predicted value or at a slightly greater location. We attribute the modest differences between the numerical results
and the theoretical predictions to the somewhat inexact eccentricity damping.
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5.2 Binary orbit evolution
While we have previously discussed disc migration as the means to drive planets towards the aforementioned instabilities, evolution of the
binary orbital parameters can have much the same effect. Circumbinary hosts likely undergo very large-scale orbital evolution after forming
at wider separations and shrinking their orbits via mechanisms including migration through discs, gravitational interactions with other stellar
companions in triple systems, and dissipation due to massive gas reservoirs (Bate, Bonnell & Price 1995; Bate, Bonnell & Bromm 2002;
Kratter et al. 2010; Offner et al. 2010; Moe & Kratter 2017). Presumably this occurs prior to the formation of the planets (Hamers et al. 2015;
Mun˜oz & Lai 2015; Kratter 2017). On longer time-scales, the orbits of the close binaries can further evolve through slow tidal dissipation
(Hut 1981). Naively, one might expect this to merely stabilize a system because tidal dissipation will tend to decrease the binary eccentricity
and semimajor axis, both of which will reduce the secular eccentricity oscillations driven in the planets. However, as the orbit of binary stars
evolves, the N:1 resonances are shifted relative to the orbiting planets, potentially moving planets into the N:1 resonances where the above
instabilities can occur.
For example, a resonant pair of planets can quickly migrate in a circumbinary disc through N:1 resonance before stopping between two
N:1 resonances near the binary. The termination of migration could be caused by the dissipation of the disc or reaching the disc boundary.
Later, close binaries that migrate due to tides might push the planets back through a given N:1 resonance. Since the migration rate of the
binary is much slower than the previous planet disc migration, on the order of 108 to 109 yr, the system will always be in the regime where the
resonance crossing time is very slow compared to the libration time, and thus the planets will always be excited to the maximum eccentricity
provided by the N:1 resonances. We defer detailed follow up of this mechanism to Adam P. Sutherland, Maxwell Moe, Kaitlin M. Kratter, in
prep.
6 IM P LICATIONS AND DISCUSSION
We have described a number of instabilities due to mean motion resonance overlap in multiplanet circumbinary systems, reproduced the
instabilities numerically, and demonstrated that critical migration rates for undergoing these instabilities are likely to be near expected disc
migration rates. The location of the instabilities depends on a large number of factors including the mass ratio, semimajor axis, eccentricity
of both the binary and the planets, the resonance order and degree, and for the case of migrating planets, the migration rate which is in turn
dependent on the disc parameters and planet mass. Despite the large number factors, understanding these instabilities can serve as a test of
migration rates, likelihood of the discovery of resonant planets, maximum eccentricity growth during migration, and prospect of discovering
planets at particular locations.
6.1 Lack of high degree resonances around eccentric binaries
Because of the large secular perturbations of eccentric binaries at large distances, only planets in well separated resonances should exist close
to the binary. The strongest predictor of planet location from the previously mentioned instabilities is due to the overlap between PPRs and
the secular effects of the binary (Section 4.1). Note that resonance overlap can occur between both first-order and second-order resonances,
increasing the pathways to disrupt resonant planetary systems. As the planets migrate towards the separations at which the Kepler systems
currently reside, often the only resonance well separated enough to remain stable is the lowest order and degree resonance, the 2:1 PPR. Thus,
surveys should not find close-in planets in mean motion resonances other than the 2:1 for sufficiently eccentric binaries.
6.2 As a test of planet migration rates
We have shown that if a resonant planet pair encounters an N:1 binary resonance for a time longer than the libration period, the planet will
be ejected from the system after being pumped to eccentricities of N:1 overlap (Section 4.2). The majority of Kepler circumbinary planets
are interior to the 11:1 resonance (Fig. 1). If the planets migrated to their current location while in resonance with additional outer planets,
we can estimate the minimum migration rate these planets would need to safely migrate through the N:1 resonance to which they are interior.
This process is not directly dependent on outer planet mass, eccentricity, or the degree and order of rhe PPR (unlike the case discussed in
Section 6.1). This instability only requires the planet to be in some PPR with an outer planet since the PPR resonance is responsible only for
modest excitement of the eccentricity, while the N:1 overlap is responsible for the rapid ejection. The critical migration rate is determined by
the binary characteristics and the inner planet eccentricity and location.
For each Kepler circumbinary planet, and for only the innermost planet for the only known multiplanet system, we determine the
minimum migration rate that a planet would need if it had migrated to its current location in resonance with an undiscovered outer planet.
For some planets that are further away from circular binaries, such as Kepler 453b, this rate is very low, while for others such as Kepler 64b
and Kepler 34b the minimum migration rate is near a˙
a
 10−6yr−1. While a large caveat is that there is no evidence to suggest these planets
must have migrated in resonance, the largest minimum migration rates are within expected rates for type I or II migration suggesting that the
Kepler systems are consistent with migration while in resonance. Additionally, our numerical simulations show that planets do not always
immediately get ejected when encountering the critical N:1 resonance. If the planet is initially on a circular orbit and the migration rate is
fast, eccentricity growth will occur but not reach a point of overlap before exiting the N:1 resonance. At this point the planet may be damped
back down to its initial eccentricity as in Fig. 5 or the eccentricity can continue to grow as the planet encounters additional N:1 resonances.
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Imperfect damping can make planets migrate at a range of eccentricities, affecting the resonance encounter time, the rate of eccentricity
growth, and the likelihood of resonance overlap.
In the future, resonant circumbinary planets may be discovered that can be used for a more direct test of migration rates. Resonant
planet pairs are not outside of the discovery space for TESS and radial velocity surveys. Additional non-transiting planets in resonance with
transiting planets can be discovered via transit timing variations. The TTV signal increases dramatically for planets in resonance (Holman &
Murray 2005) indicating that TTVs might be a rich source of resonant planets pairs. If the orbits and masses of the binary stars are well
defined, the crossing time can be calculated and if the eccentricity of the planet is known, a critical migration rate can be inferred. Although
all planets may not have migrated to the maximum distance inward past the N:1s, a large sample of resonant planet pairs near low order N:1s
should provide a minimum migration rate.
It is possible that the eccentricity of the planets during migration was larger than the current discovered value, increasing the critical
migration rate. The rate of migration can slow as the planets approach the inner edge of the disc due to the decrease in surface density (Kley &
Haghighipour 2014, 2015). This slowing makes the likelihood of scattering more probable since it increases the time of interaction with the
N:1 resonances. Additionally, if there exists a lack of circumbinary planets and especially multiplanet systems, this might be indicative of
slow migration rates.
6.3 Application to the Pluto and Charon binary
With a mass ratio of 0.1184, the dynamics around Pluto and its largest moon, Charon, behaves similar to the binary star systems described
above. The binary dwarf planet has four discovered circumbinary moons: Styx, Nix, Kerberos, and Hydra. These moons are near to the 3:1,
4:1, 5:1, and 6:1 resonances with Charon and are therefore close to resonances with each other. None of these resonances are currently active
according to the best estimates for the orbits and masses of the moons (Showalter & Hamilton 2015). The very low eccentricities of all the
bodies in the system makes active resonances unlikely due to the small resonance widths. Showalter & Hamilton (2015) suggests the masses
of the circumbinary moons are larger than predicted by albedo alone (Brozovic´ et al. 2015) due to a librating three-body resonant angle for
higher masses. While moon–moon resonances may help constrain the mass of the moons, the location of the moons near the N:1 resonances
remains unexplained.
The very low eccentricity of the moons suggests that in situ formation is likely (Brozovic´ et al. 2015) but the collision from which the
binary formed is not thought to have created enough leftover material at large enough distance to form the moons at their current location
(Canup 2005, 2011). Bromley & Kenyon (2015) demonstrate that processes like physical collisions and collective gravitational scattering
can expand the debris in the system to larger distances, facilitating formation. Resonant transport cannot explain the migration of all moons
simultaneously since different N:1 resonances require different binary eccentricity for migration (Lithwick & Wu 2008; Cheng et al. 2014).
Resonant transport due to an eccentric Charon would also excite the eccentricity of the moons. Even outside of a resonance, the secular
effects can excite the eccentricity of the moons above their current values. Formation models that predict a high initial eccentricity for the
binary need to explain the current low eccentricity of the moons and overcome the likelihood of instabilities from the number of resonances
in an eccentric system.
Previous efforts have used stability criteria to constrain the maximum eccentricity of Charon as well as the maximum mass of the moons
(Youdin, Kratter & Kenyon 2012; Smullen & Kratter 2017). The instabilities described here can also limit the possible masses and formation
history of the moons. The potential 5:6 Kerberos–Hydra resonance overlaps with the 6:7 resonance at e = 0.12 for each body for the maximum
mass consistent with Brozovic´ et al. (2015) meaning that at the current location a binary eccentricity of ebin  0.18 is enough to cause chaos
through moon–moon resonance overlap with eccentricity excitation through secular perturbations from the binary. The 5:6 Kerberos–Hydra
resonance overlaps with the 11:13 resonance at eKerberos = eHydra  0.09 meaning that a binary eccentricity of ebin  0.14 would cause chaos.
In addition, interaction with the 5:1 and 6:1 resonances could drive the planets into PPR overlap as described in Section 4.3. Any formation
model or estimates of the masses and eccentricities of the moons needs to take overlapping mean motion resonances into consideration as a
consistency check. Taking the above instabilities into consideration, it is unlikely that moon–moon resonances were active while Charon had
any significant eccentricity. Limits to the maximum eccentricity of Charon can be raised if the masses of the moons are lowered.
6.4 Kepler 47
As the only multiplanet circumbinary system discovered to date, Kepler 47 (Orosz et al. 2019) is the most likely candidate system for the
previously described instabilities. The stars have masses of 0.957 ± 0.014 M	 and 0.342 ± 0.003 M	 and an orbital period of 7.45 d. The
stars are orbited by three planets with periods of 49.41, 187.15, and 303.00 d. Mass estimates for the planets are <26M⊕, 7 − 43M⊕, and
2 − 5M⊕ for the inner, middle, and outer planets, respectively. Both the orbits of the planets and the binary have low eccentricities, less than
0.07 at the +1σ level, and all orbits are nearly coplanar with mutual inclinations within 1.6 degrees of one another at the +1σ level. Orosz
et al. (2019) suggests that the circular, coplanar configuration is unlikely to have formed due to scattering events and that gentle migration is
most likely. In the absence of the instabilities described here, the system is apparently long-term stable (Kratter & Shannon 2014).
The inner planet is located between the 6:1 and 7:1 resonance but additional planets are more distant and therefore outside of low order
mean motion resonances with the inner planet. The nearest, low order, planet–planet mean motion resonance is the 5:3 resonance between
the middle and outer planets. Using the upper limits of the masses and eccentricities of the planets, the period ratio is still > 2 per cent from
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the resonant value, or over five times the resonance width away from the exact value. The low eccentricities of the bodies in the system make
active mean motion resonances unlikely and thus instabilities via planet–planet mean motion resonance overlap are also unlikely. The 5:3 and
3:2 resonance between the middle and outer planet overlap at e > 0.3 which is much larger than the very small secular eccentricity variations
from the near circular binary. As expected, Kepler 47 should be stable in its current configuration and not susceptible to the instabilities we
have presented. This does not preclude previous epochs of instability and scattering in the system.
7 C O N C L U S I O N A N D S U M M A RY
We have presented three new modes of instability in circumbinary multiplanet systems caused by interactions between mean motion resonances
and secular perturbations from the binary. We calculated the conditions under which each instability should arise analytically, accounting
for a variety of subtle affects on resonance locations and widths due to the unique system architecture of circumbinary systems. We validate
our analytic predictions with a series of n-body integrations. Finally we predict the role of disc-driven migration in determining where these
instabilities occur.
(i) The rich number of mean motion resonances in multiplanet circumbinary systems will shape the system architecture due to instabilities
from overlapping mean motion resonances. The eccentricity of migrating resonant planets can grow due to secular or resonant interactions
with the binary, leading to overlapping mean motion resonances.
(ii) Migrating circumbinary planets around eccentric and unequal mass ratio binaries should be found preferentially in well separated, low
degree resonances since those resonances overlap at larger eccentricity and are less susceptible to ejection due to excitation from the binary.
(iii) The critical N:1 resonance that causes migrating resonant planets to become unstable is determined by comparing the resonant crossing
time and the libration period of the N:1 resonances. The instability can be used to determine minimum migration rates for observed resonant
planet pairs.
(iv) These instabilities limit the possible combinations of binary eccentricity and active planet–planet resonances in circumbinary systems
such as limiting the maximum eccentricity of Charon to 0.14 if Kerberos and Hydra are in a 5:6 resonance.
(v) Tidal evolution of the binary can eject planets at late times due to interactions with N:1 resonances. Instabilities due to tidal migration
are perhaps more likely to result in instabilities due to the long time-scales over which the N:1 resonances would be encountered.
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APPEN D IX A : MODIFIED ORBITAL ELEMENTS
A1 Calculation
Circumbinary planets at small distances from their host binary do not obey perfect Keplerian orbits. As a result, orbital elements derived under
this assumption for positions and velocities in n-body simulations inadequately describe the orbital behaviour of these planets. The deviations
of orbits from simple ellipses can be particularly problematic when trying to identify resonances due to the unreliability of argument of
pericentre in this case.
Because circumbinary planets have a larger mean motion than an orbit around a single body, for a given distance from the system’s
barycentre, the body will have a higher velocity. This velocity excess presents as an artificial increase in the Keplerian eccentricity. The
velocity increase also disrupts the Keplerian pericentre calculation since for low eccentricity orbits this extra velocity will appear as the planet
being close to pericentre on a eccentric orbit.
Instead, we calculate ‘geometric’ elements from the state vectors in n-body integrations in Jacobi coordinates. The orbital elements
are calculated by analysing the distance from the barycentre and finding the minimum and maximum distances over a rolling time-frame.
This rolling window looks at a smaller time-frame of a larger run, finding the maximum and minimum distances for just over one orbital
period. The Keplerian period, calculated from the state vectors, is used to estimate the window length. The rolling window allows us to
find the minimum and maximum distances for each orbit and use these to calculate modified orbital elements. High frequency outputs are
needed from the N-body simulations, typically at a rate of 100 per orbital period, in order to accurately capture the full orbit. For long runs,
when computational time or space might be an issue at high frequency output, we use the ability to have periodic high frequency output in
REBOUND. The modified elements are in principal not coordinate frame specific, but work best in either Jacobi coordinates barycentric
coordinates of the binary alone.
A1.1 Geometric semimajor axis
The geometric semimajor axis is calculated as
ageo = (rmax − rmin)/2, (A1)
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Figure A1. Similar to Fig. 5. Top figures show the evolution of the planet using the modified orbital elements while the bottom depicts the evolution in
Keplerian elements.
where rmax and rmin are the maximum and minimum distance from barycentre for a rolling window which is as long as 2.5 times the Keplerian
period.
A1.2 Geometric eccentricity
The geometric eccentricity is calculated in a similar way to the geometric semimajor axis
egeo = rmax − rmin
rmax + rmin , (A2)
over the same rolling window.
A1.3 Geometric pericentre
The geometric pericentre, ωgeo, is calculated by finding the angle between the reference plane and the location of the planet at minimum
barycentric distance for a rolling window which is as long as 1.25 times the Keplerian period. We then linearly interpolate to find the pericentre
angle between pericentre passages.
A1.4 Mean anomaly
The mean anomaly is calculated by linearly interpolating between pericentres.
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